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THE EXISTENCE OF SOLUTIONS OF
ABSTRACT PARTIAL DIFFERENCE POLYNOMIALS

BY
IRVING BENTSEN(*)

Abstract. A partial difference (p.d.) ring is a commutative ring R together with a
(finite) set of isomorphisms (called transforming operators) of R into R which
commute under composition. It is shown here that (contrary to the ordinary theory
[R. M. Cohn, Difference algebra]) there exist nontrivial algebraically irreducible
abstract p.d. polynomials having no solution and p.d. fields having no algebraically
closed p.d. overfield. If Fis a p.d. field with two transforming operators, then the
existence of a p.d. overfield of F whose underlying field is an algebraic closure of that
of Fis a necessary and sufficient condition for every nontrivial algebraically irreducible
abstract p.d. polynomial P in the p.d. polynomial ring F{y, y@ ... y™} to have a
solution 7 (in some p.d. overfield of F) such that: » has n— 1 transformal parameters,
7 is not a proper specialization over F of any other solution of P, and, if Q is a p.d.
polynomial whose indeterminates appear effectively in P and Q is annulled by 7, then
Q is a multiple of P. P has at most finitely many isomorphically distinct such solutions.
Necessity holds if F has finitely many transforming.operators.

1. Introduction. The primary objective of this paper is to initiate a study of
conditions under which abstract partial difference polynomials possess solutions.

Richard M. Cohn [4] has established in the theory of ordinary difference algebra
(one transforming operator) that every nontrivial abstract difference polynomial P
has a solution. Furthermore, if P is algebraically irreducible in F{y®, y®, . ., y®™}
P has at least one solution 7 such that the dimension of F{)/F is n—1 and for
each k such that transforms of y® appear effectively in P no difference polynomial
in F{y®, y@, .., y™} with effective order in y*® less than that of P is annulled by
7 [3, Theorems 1V and 1V’]; [4, Theorem 1, Chapter 6].
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A counterexample to the conjecture that every nontrivial partial difference
polynomial has a solution is presented here (Example (3.8)(bis), §6). This example
also establishes the existence of a partial difference field having no algebraically
closed difference overfield, another divergence from the ordinary theory (Example
(3.8)).

A principal result obtained (Theorems (6.2) and (6.1)) is the equivalence of the
following statements for a partial difference field F with two transforming operators:

(a) F may be extended to a partial difference field whose underlying field is the
algebraic closure of that of F.

(b) Every nontrivial algebraically irreducible partial difference polynomial P in a
partial difference polynomial ring F{y®", y®, ..., y™} has a solution 5 such that 5
has n—1 transformal parameters, is not a proper specialization over F of any other
solution of P, and if Q is a partial difference polynomial in some of the indeter-
minates of P which is annulled by 7, then Q is a multiple of P.

(c) If a is any element separably algebraic and normal over the underlying field
of F, F may be extended to a partial difference field F{a).

Conditions (a) and (c) are equivalent for partial difference fields with n operators.

A theory of partial difference kernels and their realizations, corresponding to
the theory employed by Cohn [4, Chapter 6] for the ordinary case, is developed
in §4 and §5 and applied to obtain the result (a) implies (b). The existence of differ-
ence fields having incompatible extensions creates complications in the develop-
ment of the theory of partial difference kernels not found in the ordinary theory.
A partial difference kernel which satisfies the “compatibility” condition property
2* introduced in §4 has a generic prolongation which also satisfies #*. The union
of a sequence of such prolongations is a partial difference field in which the kernel
is realized. In particular, if (a) holds and there are two operators, a partial differ-
ence polynomial P gives rise to a kernel with property 2*, and the realization of the
kernel yields a solution for P. In fact, #* is a necessary and sufficient condition
for a kernel to have a “principal” realization (see (5.1)). It is anticipated that the
theory of partial difference kernels will play a significant role in the further investi-
gation of systems of partial difference polynomials and their solutions.

The needed results concerning inversive closure are compiled in §3.

I wish to express my appreciation to Professor Richard M. Cohn for his many
helpful suggestions during the preparation of this paper.

2. Definitions and notation. In general, our terminology and notation will
follow closely that of R. M. Cohn [4] with the obvious generalizations to partial
difference algebra.

The system D=(A, {0; : 1 £i<m}) consisting of a commutative ring A4, together
with a collection of isomorphisms oy, 05, . . ., 0, of 4 into 4 (not necessarily distinct
in their action on A) which commute pairwise on the elements of A, is called a
partial difference ring with m transforming operators. If m=1, D is the ordinary
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difference ring. We refer to A4 as the underlying ring of D and to the o; as the
defining transforming operators of D. D is called a partial difference domain ( field)
if A is a domain (field).

A partial difference subring of D is a partial difference ring D’ whose underlying
ring A’ is a subring of A stable under the action of each of the defining transforming
operators o; of D and whose set of defining transforming operators are the restric-
tions o} of 0;, 1 <i<m, to A'. We refer to D as a partial difference overring of D’.

For a € D, the element o41042- - -oima (the u;=0) is called a transform of a of
(total) order v=>"_; ;. This transform of a is denoted by a,, where v is the m-tuple
(21, - - -» tm)- We say that a, is a transform of a of partial order n; with respect to o;.
Any element in a partial difference ring is a transform of itself of order zero.

If S is a set of elements in D then the intersection of all partial difference sub-
rings of D which contain the elements of D’ together with all transforms of the
elements of S is a unique partial difference subring of D, said to be generated over
D’ by S, and denoted D'{S}.

Let B be a partial difference ring with identity and D a partial difference overring
of B which contains a set of elements y, @ ... y™ such that the set of all
transforms of the elements y©, y@, .. ., y™ form an algebraically independent set
over (the underlying ring of) B. Then B{y®, »?,..., y™} is an n-fold partial
difference polynomial ring over B. The existence of partial difference polynomial
rings is established by Kreimer [5, p. 487]. The elements of a partial difference
polynomial ring are called partial difference polynomials. A partial difference poly-
nomial P in B{y®, ..., y™} may be regarded as an integral rational expression in a
finite subset of the y¥ with coefficients in the underlying ring of B. We shall
restrict our attention to partial difference polynomials over partial difference fields.
A solution for a partial difference polynomial P in F{y, ..., y™} is an n-tuple
a=(a%, a?,...,a™) of elements in some partial difference overfield of F which
when substituted into P (each y{® in P replaced by a{) annuls P.

Let F be a partial difference subfield of a partial difference field G and S a set of
elements of G. Then F{S) will denote the (unique) partial difference subfield of G
which is the intersection of all partial difference subfields of G which contain the
elements of Fand S. F{S is said to be obtained from F by difference field adjunction
of Sto F. If G, and G, are partial difference subfields of G then {G,, G,) will denote
the (unique) partial difference subfield of G which is the intersection of all partial
difference subfields of G which contain G, and G,. If M, L,, L, are the underlying
fields of G, G;, G, then the intersection (L,, L,) of all subfields of M which contain
L, and L, is the underlying field of <G, G,>. With F and G as above, we refer to the
pair F, G as a partial difference field extension, denoted G/F.

Let D=(A,{0;: 1Zi<m}) and D'=(A’,{o; : 1 £i<m}) be partial difference
rings. A difference homomorphism (or simply homomorphism) of D into (onto) D’
is a homomorphism ¢ of A4 into (onto) 4’ such that ¢o,a=ocida, ac A, 1 Zi<m.
The definitions of isomorphism and automorphism of partial difference rings
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(fields) and partial difference field extensions follow as expected. (A more general
definition of homomorphism and isomorphism is given by A. Bialynicki-Birula [2];
however, that generality is less suitable for our purposes, since our particular
interest is difference field extensions rather than difference fields, in which the effect
of incompatible extensions is of particular concern.)

G° will denote a partial difference ring obtained from a partial difference ring G
by deletion of one transforming operator. If G is an ordinary difference ring, then
G° will denote the underlying ring of G.

Such terms as algebraically closed, algebraic closure, free, linearly disjoint,
quasi-linearly disjoint, primary and regular, when applied to partial difference
fields (partial difference field extensions), will refer to their underlying fields
(underlying field extensions).

Throughout the remainder of the paper, the adjective *partial” will be under-
stood and the term “ordinary” used to emphasize the case of one transforming
operator.

Familiarity with the following statements about field extensions is assumed.

(2.1) Let k, K, L, E be fields having a common overfield such that k=K,
k< E<L. Then K and L are (linearly disjoint, quasi-linearly disjoint, free) over k if
and only if K and E are (linearly disjoint, quasi-linearly disjoint, free) over k, and
(K, E) and L are (linearly disjoint, quasi-linearly disjoint, free) over E.

COROLLARY. Let k, K, L, E, E’ be fields having a common overfield such that
k<K, kcEcL, kcE’'<L. Then K and F are (linearly disjoint, quasi-linearly dis-
joint, free) over k and (K, E) and L are (linearly disjoint, quasi-linearly disjoint,
free) over E if and only if K and E’ are (linearly disjoint, quasi-linearly disjoint,
free) over k and (K, E') and L are (linearly disjoint, quasi-linearly disjoint, free)
over E’.

(2.2) Let (M, 7, 75) be a free join of the pair of field extensions K;/k, Ky/k. If
(K, 7)) and (K, 7,) are quasi-linearly disjoint over k, then every free join of the
pair of extensions K;/k and K,/k is equivalent to (M, =, 75) [8, p. 195].

(2.3) Let (M, r,, 7,) be a free join of the pair of field extensions K, /k, K,/k. Then
K; and K, are quasi-linearly disjoint over k& and M/K, is a primary (regular)
extension if and only if K, /k is a primary (regular) extension [6, p. 61].

3. Inversive closure; compatibility. The difference ring D=(4, {0, : 1=i<m})
is said to be inversive with respect to o; if o; is an automorphism of 4; D is termed
inversive if all of the transforming operators of D are automorphisms of A4.

The inversive closure of D is an inversive difference overring E of D with the
property that for each element a € E there exists a composition p of the transform-
ing operators of E which is dependent upon a such that pa € D.

(3.1) THEOREM. Every difference ring has an inversive closure. If E, and E, are
inversive closures of a difference ring D, then the difference field extensions E,|D
and E,|D are isomorphic. If E is an inversive difference overring of D, then there
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exists a unique difference subring of E which is an inversive closure of D. If D is a
difference domain (field) then its inversive closure is a difference domain ( field).

(3.1) is a generalization of [4, Theorem 1I, Chapter 2] to partial difference rings.

Proof. From the difference ring D=(4, {0, : 1 £i<m}) we obtain the ordinary
difference ring (A4, p) where p denotes o,05- - -0,,. By [4, Theorem II, Chapter 2],
(4, p) has an inversive closure (4’, p’). For ae A’, let r=r(a) be the smallest
nonnegative integer such that (p’)’'a € A. For each i, define o; by gja=(p") ~"0:(p) a,
ac A'. Thus E, =(A’, {o; : 1 £i<m}) is an inversive closure of D.

Let E, be another inversive closure of D and let p; and p; be the products of the
transforming operators of E, and of E, respectively. With r=r(a) defined for
elements of E; as above, we define ¢: E; — E, by Ya=(p;) ~"(p1)'a. To verify that
Ya; = o]y, one uses the facts that if & is any product of transforming operators of E;,
then r(8a)<r(a) and if s=r(a), (ps) 5(p1)a=(ps) "(p1)a. ¥ is a difference iso-
morphism of E;/D onto E,/D.

The proofs of the remaining statements are as for ordinary difference rings.

(3.2) Let D’ and E’ denote inversive closures of the difference rings D and E.
If ¢ is a difference homomorphism of D onto E then y has a unique extension to a
difference homomorphism of D’ onto E’.

(3.3) Let D be a difference domain with underlying ring R. If K is a field of
quotients of R, D extends uniquely to a difference field E with underlying field K.
E is called the difference quotient field of D. If E and E’ are difference quotient
fields of D, then E/D and E’/D are isomorphic. If D is inversive, then E is inversive.
If D is a difference subring of a difference field G, then G contains a unique differ-
ence subfield E which is a quotient field of D. Furthermore, if G is inversive, then
the inversive closure of Ein G is the quotient field of the inversive closure of D in G.

(See [4, Theorem 111, p. 68] for the existence theorem for ordinary difference
fields.)

Let H be an inversive difference field (ring) and for any difference subfield
(subring) G of H let G* denote the inversive closure of G in H.

(3.4) For F, G, G,, G, difference subfields of an inversive difference field H, we
note the following properties of the operation *:

(a) F<G implies F*< G*.

(b) If G is inversive, then G*=G. Hence, for arbitrary G, G** = G*.

(0) <Gy, GoH*=<GY, G%).

(d) If  is an isomorphism of G, onto G, then = has a unique extension to an
isomorphism of G¥ onto G%.

(e) If Fcontained in G, and G, is such that G, and G, are (free, linearly disjoint,
quasi-linearly disjoint) over F, then G¥ and G¥ are (free, linearly disjoint, quasi-
linearly disjoint) over F*.

(f) Let G be inversive and let *' denote the inversive closure operation defined
with respect to G on the difference subfields of G. Then F< G implies F*' = F*,
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(g) Let FSF,<=G, where F, is (the algebraic part, the purely inseparable part,
the separable part) of G over F. Then F§ is (the algebraic part, the purely inseparable
part, the separable part) of G* over F*.

(3.5) Let G be a difference overfield of F and H an inversive closure of G.

(a) If G is an (algebraic closure, perfect closure, separable algebraic closure) of
F, then H is respectively an (algebraic closure, perfect closure, separable algebraic
closure) of F*.

(b) If in (a), Fis inversive, then G is inversive.

(c) If G/F is a primary (regular) extension, then H/F* is a primary (regular)
extension.

Proof. Let p denote the composition of the operators of H, each factor of which
is of partial order 1. Let H', G’, F’ denote the ordinary difference fields defined on
the underlying fields of H, G, F by p and suitable contractions of p. Then H' is an
inversive closure of G'.

By [4, Corollary II, Theorem I, Chapter 6], there exists a difference overfield
E of H' whose underlying field is an algebraic closure of the underlying field of H’.
E is inversive since H' is. Then for each assumption on G over F, G’ is respectively
the algebraic part, purely inseparable part, separable part of E over F’. Hence by

- (3.4(g)) and (3.4(b)), H’ is the algebraic part, purely inseparable part, separable
part of E over the inversive closure F; of F’ in H'. Since E is an algebraic closure
of H' it thus follows that the underlying field of H’ is an algebraic closure, perfect
closure, separable algebraic closure of the underlying field of Fi. The underlying
field of F; coincides with that of F*; hence (a) is established.

(b) follows from the fact that an overfield of a field K can contain at most one
(algebraic closure, perfect closure, separable algebraic closure) of K.

Now to prove (c). Suppose G/F is primary. Let F, denote the purely inseparable
part of G over F. Then Fj is also the algebraic part of G over F and hence by (3.4(g)),
F¥ is both the purely inseparable part of H over F* and the algebraic part of H
over F*. Thus H/F* is primary.

Now suppose G/F is regular. Then, together with the notation used in the proof
of (a), we denote by E¥ the algebraic part of E over F’ and by E® the algebraic
part of E over Fj. Because E is inversive, it follows by (3.4(g)) that E® is an
inversive closure of E®. Since G/F is regular, G’ and E® are linearly disjoint over
F’ [6, Theorem 2, Chapter 3]. By (3.4(e)), H' and E® are linearly disjoint over Fj.
Hence H'/F; is a regular extension, and thus H/F* is a regular extension.

In the remainder of the paper, the context, together with (3.4(f)), will make
clear the inversive difference field (ring) with respect to which the operation * is
defined. (If no inversive overfield (overring) is indicated, * will denote some in-
versive closure, whose existence is asserted by (3.1).)

The difference field extensions G/F and H/F are said to be compatible if there
exists a difference field extension E/F such that G/F and H/F have isomorphisms
into E/F. Otherwise they are said to be incompatible.
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The existence of incompatible extensions [4, Example 4, p. 59] plays an important
part in the development of the theory of difference algebra. Of particular concern
here is the fact that the presence of incompatible extensions can inhibit the exten-
sion of difference isomorphisms for difference field extensions (see [4, Example 1,
p. 277)).

In each of the definitions and theorems in the remainder of this paper the terms
primary, quasi-linearly disjoint and separable algebraic may be replaced by
regular, linearly disjoint and algebraic respectively. Then in §4 we may speak of a
kernel which satisfies property #* rather than property Z*.

The main idea of the following theorem has been established by Kreimer [5,
Theorem 5.2, p. 489].

(3.6) THEOREM. Let G/F be a primary extension of an inversive difference field F
and let T be a difference isomorphism of F into G. T has an extension to a difference
isomorphism 7, of G into a difference overfield E of G such that E={G, r,G), G and
7:G are quasi-linearly disjoint over vF, and E|G is a primary extension. Furthermore,
if G is inversive, then E is inversive.

If E is a difference overfield of G such that = has an extension to a difference isomor-
phism ' of G into E and E is the free join of G and +'G over 7F, then there exists
a unique difference isomorphism 4 of E|G onto E|G such that yra=1"Jo for « € G.

Proof. 7F is an inversive difference subfield of G. Extend 7 to an isomorphism
7 of G onto a difference overfield H of rF. H/7F is primary. Thus by the generaliza-
tion to m operators of the corollary to Lemma 1, Chapter 7 [4], with F, G, G’ of
the corollary corresponding to 7F, H, G respectively, there exists a difference field
extension E/7F such that H/7F and G/7F have isomorphisms ¢ and 5 respectively
into E/7F with the images of H and G quasi-linearly disjoint over the underlying
field of 7F. Without loss of generality we may assume G is a difference subfield of
E and, with 7, denoting the composition map ¢, E is the compositum of G and 7,G.
Then G and 7,G are quasi-linearly disjoint over 7F. Hence since in particular E is
the free join of G and 7,G over 7F and 7,G/7F is primary, it follows by the suffi-
ciency of (2.3) that E/G is primary. By (3.4(c)), G inversive implies E={G, 7,G) is
inversive.

7’77t is an isomorphism of 7,G/7F onto ='G/rF. This with the identity automor-
phism of G assures by (2.2) the existence of a unique isomorphism  of the under-
lying field M of E onto the underlying field M of E which leaves fixed the members
of G and coincides with 77! on the members of 7,G. Since the structure of differ-
ence field induced on M by E and ¢ coincides with E on the underlying fields of G
and 7'G, and since G and 7'G are quasi-linearly disjoint over 7F (by virtue of )
it follows by [4, Theorem X of the Introduction] applied to each difference operator
that the difference field determined by E and ¢ coincides with E. Thus ¢ is a differ-
ence isomorphism of E onto E. The uniqueness of  in the sense of the statement of
the theorem follows from the uniqueness of ¢ in the above sense.
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A difference field G is said to satisfy the universal compatibility condition if every
pair of extensions of G is compatible. G=(K, {0, : 1 £i=m}) is said to satisfy the
stepwise compatibility condition if there exists an ordering of the transforming
operators of G such that for each integer k, 1<k=m, the difference field
Gy,=(K, 0y, 0y, . . ., 0;,) satisfies the universal compatibility condition.

Note. 1t is apparent from the fundamental theorem of compatibility for partial
difference fields (an easy generalization of [4, Theorem I, Chapter 7]) that any
difference field whose underlying field is separably algebraically closed or alge-
braically closed, as well as the inversive closure of such a field (3.5(a)), satisfies the
stepwise compatibility condition.

(3.7) THEOREM. If G is a difference field such that a difference field G° obtained
from G by deletion of one transforming operator satisfies the stepwise compatibility
condition, then there exists a difference overfield H of G whose underlying field is an
algebraic closure of that of G.

Proof. Let m denote the number of transforming operators in the definition of G.
If G is an ordinary difference field (m=1) then G has an algebraic closure by
[4, Corollary II to Theorem I, Chapter 6].

Assume the statement of the theorem to be true for m=gq, g a positive integer.
Let G denote a difference field with g+ 1 transforming operators such that, for some
ordering oy, 0y, ..., 0;,,, Of its transforming operators, the difference field
G°=(K, 0, 0y, . . ., 0;,) satisfies the stepwise compatibility condition. Then, a
fortiori, G° satisfies the condition on G of the statement of the theorem. Hence,
by the inductive assumption, there exists a difference overfield H of G° whose
underlying field is an algebraic closure of K. Since any pair of extensions of G° is
compatible, we may, by the generalization of [4, Theorem I, Chapter 9] to partial
difference fields, extend o, ,,, considered as a difference isomorphism of G° into
G°, to a difference isomorphism &, ,, of H into a difference overfield of H. For each
element « € H, &, « is algebraic over the underlying field of ;,,,G° and hence
also over K. Thus (since K admits at most one algebraic closure in any given over-
field of K) &,,,,« € H. Hence H, together with G, ,, determines a difference over-
field H of G whose underlying field is an algebraic closure of that of G. The proof
is completed by induction.

Although any ordinary difference field G has a difference overfield H whose
underlying field is an algebraic closure of that of G, the following example shows
that this result cannot be generalized to difference fields having several operators.

(3.8) EXAMPLE. Let K= R(i, b), where R is the field of rational numbers, i is the
square root of —1, and b the positive square root of 2. Let o and 7 denote the
automorphisms of K such that

ol = i, ob = —b,
7l = —I, b = b.

Then F=(X, o, 7) is a difference field. There exists no difference overfield of F
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whose underlying field is an algebraic closure of K. For suppose the contrary. Then
there exists a difference overfield G of F which contains an element a such that
a?=b. Let o/, v’ denote the transforming operators of G which are the extensions
of o and  respectively. Since (¢'a)2=0'a?=—b and (+'a)®2=1'a®=>b, we have
o’a=aia and v'a=pPa, where « and B denote plus or minus 1. Then
o'7'a = o'Ba = opia, 7'd’'a = T'aia = —oPia.

Thus ¢’ and 7' do not commute at a, which contradicts the assumption that G is a
difference field.

The following example shows that the converse of (3.7) is not true.

(3.9) ExampLE. Let G=(R, o, 7) be the difference field with two transforming
operators, both of which are the identity automorphism on the field R of rationals.
o and 7 extend trivially to the identity automorphism of the algebraic closure L
of R to form the difference field H=(L, &, 7). Let G° denote either difference field
(R, o) or (R, 7), and M the field R(i), where i2= —1. Let G} and GJ denote the
difference overfields of G° defined on M such that i — i and i — —i respectively.
Then the pair G$/G° and G3/G° of extensions is incompatible. Hence for either
definition of G°, G° does not satisfy the universal compatibility condition. (Verifica-
tion of the incompatibility may be found in [4, Example 4, pp. 59-60].)

4. Difference kernels and their prolongations. Let F=(K, {o; : 1 =i<m}) be an
inversive difference field and F° a difference field obtained from F by deletion of a
transforming operator o;, 1<i,<m. Regard o;, as an automorphism of F°. A
difference kernel A~ over F is an ordered pair (F%ay,ay,...,a,>, ), where
F%ay, ay, . . ., a,) denotes a difference field generated over F° by a set of /-tuples
ay, 4, . . ., a,, and 7 denotes a difference isomorphism of F°ay, a,, ..., a,_,)> onto
F%a,,...,a> such that raf®=a{?,,j=0,1,2,...,r—1; k=1,2,...,/, and such
that the restriction of = to F° coincides with o, . r is called the length of the kernel.
For the case r=0, the interpretation is that = is the difference automorphism o; of
F°. If m=1, then £ is the ordinary difference kernel as defined in [4]. The existence
of partial difference kernels is a consequence of the existence of partial difference
field extensions, as shown in the remark at the beginning of §5.

A prolongation of A is a difference kernel J¢; consisting of a difference overfield
F%ay, ..., a, a, 1> of F¥a,, ..., a,> together with an extension r, of = such that
7:a® —a®,, k=1,...,1L (If a kernel is of length 1 or 0, then the expressions
F%ay, ay,...,a,_,) and F%ay, ay, ..., a,_,)> respectively will be interpreted as
F°)

A prolongation X of £ is called generic if Fa,, ..., a,.,1>* is a free join of
F%ay, ..., a)* and F%¥a, ..., a,.,>* over F¥a,, ..., a,y*. By (3.1) and (3.4(c))
this definition is not ambiguous.

Note that if X7 is a prolongation of X such that F%a,,...,a,> and
F%a,,...,a,.,) are free over Fa,, . . ., a,», then by (3.4(c)), and (3.4(¢)), ¥, is a
generic prolongation of 7.
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We shall say that a kernel ¢ satisfies property & if there exists a difference over-
field E, of F%ag, ay,...,a,>, a difference subfield E of E; which contains
F%a,, ..., a,.,>, and an extension of = to a difference isomorphism # of E into E,
such that

(a) E,/E is primary;

(b) E and F%a, ..., a,» are free over F%a,, ..., a,_,>; and

(c) if r>0, E,=<E, #E); if r=0, #ECE.

" will be said to satisfy property #* (with respect to (G, G,, 7)) if there exists
an inversive difference overfield G, of F%a,, .. ., a,>, an inversive difference subfield
G of G, which contains F%a,, ..., a,_;» and an extension of = to an isomorphism
7 of G into G, such that

(a) G,/G is primary;

(b) G and F%ay, ..., a,»* are free over F%{ay, ..., a,_;>*; and

() if r>0, G,=<G, #G); if r=0, +G=G.

(4.1) THEOREM. The properties P and P* are equivalent.

Proof. With E, E; and # as in the definition of property 2, let G, denote an
inversive closure of E; and G the inversive closure .of E in G,. By (3.4(d), (c)) #
extends uniquely to an isomorphism 7 of G into G, such that, if the length r of ¢
is greater than or equal to 1, G;={(G, 7G), and if r=0, then by (3.4(a)) 7G=G.
Thus by (3.4(e)) and (3.5(c)), £ implies Z*.

With G, G, and + as in the definition of #*, let E denote the separable part of G
over Fay,...,a,_,). Then E is a difference overfield of F%a,, ..., a,_1> such
that E and F%a,, ..., a,y are free over F%a,, ..., a,_1>.

Let # denote the contraction of 7 to a difference isomorphism of E into G,.
If r=0 then for any element be E, #b € G and #b is separably algebraic over
#F°=F°, Hence #E<E. For r=0, let E, denote {E, F%ay>)>. If r>0, let E; denote
(E, #E. In either case E, is a difference overfield of F%{ay, ..., a,>. G/E is primary
and G,/G is primary. Hence G,/E is primary. Therefore E,/E is primary. Thus
P* implies 2.

A difference kernel ¢ is said to satisfy property 2* if it satisfies #* strengthened
by replacement of the word “free” by ‘“quasi-linearly disjoint.”

(4.2) THEOREM. X satisfies 2* if and only if

F%aq,...,a)*F¥aq, ..., a_1)*

is primary.

Proof. Sufficiency is trivial with G,=F%a,, ..., a *, G=F%a,,..., a,_, )%,
and (3.4(d), (c)).

Necessity is immediate from the following observation about field extensions:

IfL, L', M, M’ are fields such that LcL'csM', Lc M<M’, L'/L and M/L are
quasi-linearly disjoint, and M’/M is primary, then (M, L')/M is primary, and
hence by the quasi-linear disjointness, L'/L is primary (see (2.3)).
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REMARK. By (3.5(c)), F%ay,...,a,y/F%a,,...,a,_,y is primary implies
F%a,, .. .,a,0*%/F%a,, . ..,a,_,>*isprimary. Theconverseholdsif F%{ay, . . .,a,_,>*
and F%a,, ..., a,» are quasi-linearly disjoint over F%ay, ..., a,_).

The examples (4.5) and (6.3) establish the existence of kernels which satisfy
2* and hence £*. The following is an example of a kernel which does not satisfy
P* (as interpreted for the case of characteristic 0).

ExaMPLE (3.8)(bis). Let b, K and F be as in (3.8). Let F°=(K, o) be the ordinary
difference field obtained from F by deletion of 7. There exists a difference overfield
H of F° whose underlying field is an algebraic closure of K. By (3.5(b)) H is inver-
sive. There exists an element ae€ H, a ¢ F° such that a>=b. Thus we have the
kernel A =(F%a), ), where = is the transforming operator of F regarded as a
difference automorphism of F°.

Suppose X satisfies Z*. Then there exist inversive difference overfields G; and
G of F%a) and F° respectively such that G,/G is primary. Thus a € G. Furthermore,
there exists a difference isomorphism 7 of G into G which coincides with = on F°.
Then G together with + defines a difference overfield of F which contains a. But
this is impossible, as demonstrated in the Example (3.8).

(4.3) THEOREM. Any difference kernel which satisfies ?* has a generic prolonga-
tion which satisfies P*. If X is a generic prolongation of a difference kernel A" and
satisfies P*, then there exists a triple (G, G,, 7) with respect to which A~ satisfies
P* and through which a generic prolongation A~ of A can be obtained such that
A" is equivalent to A, in the sense of isomorphism. If a kernel satisfies 2*, then all
generic prolongations of the kernel are equivalent and satisfy 2*.

Proof. Suppose A =(F%a,,..., a,», 7) satisfies #* with respect to (G, G,, 7).
Then by (3.6) (with G, 7, G, here corresponding to F, , G of (3.6) for both cases
r>0 and r=0), there exist an inversive difference overfield G, of G, and an exten-
sion 7, of 7 such that G,=<{G,, 7,G;) and G,/G, is a primary extension. Let a, ,,
denote ,a,. The contraction of 7, to an isomorphism

:F%ag,...,a,) - F%ay,...,a,,,>
is an extension of = which together with F%a,, ..., a,.,> forms a prolongation
A, of A,

Since G and F%a,,...,a,>* are free over F%a,,...,a,_,>% +G and
F%a,,...,a, . * are free over F%a,, ..., a,y*. Furthermore, since G, and 7,G,
are quasi-linearly disjoint, hence free, over #,G, G; and (7,G)<a,.1)* are free over
7,G. Hence by the corollary to (2.1), F%ay, ..., a,>* and F%ay,...,a,.,)>* are
free over F%a,,...,a,»* and also G, and F%a,,...,a,,,>* are free over
F%a,, ..., a>* Hence X is a generic prolongation of " which satisfies Z*.

Suppose that ¢~ satisfies 2*. Then by (3.4(d)), (3.4(c)) and (4.2), ¢ satisfies
2* with G and G, denoting F%ay, ..., a,_1)* and F%a,, ..., a,>* respectively.
Then in the notation of the first paragraph it follows by (3.4(c), (d)) that
F%a,, ..., a,,,)*=G, Thus X is a generic prolongation of ¢ which satisfies 2*.
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Now let (F%ay, . . ., a,, b), n) be another generic prolongation of 2#". Then the
inversive closure E of F%a,, ..., a, by is the free join of F°a,,..., a,>* and
F%a,,..., a, b>* over F¥a,,...,a >*, where *" denotes inversive closure in E.
Furthermore, by (3.1), F%a,,..., a,>* may be identified with F%a,,..., a,>*
and hence F may be regarded as a difference overfield of F%a,...,a, *. By
(3.4(c),(d)) n extends to an isomorphism 7% of F%a,,...,a )* onto
F%a,, ..., a,, b>* such that 7, and 7 coincide on the elements of F%{a,, . . ., a,_,>*.
Then by the preceding paragraph, together with (3.6), there exists a difference
isomorphism ¢ of G,/G;, onto E/G, such that $+,a=7pa for « € G;. Hence the
contraction of ¢ to F%a,,..., a,,,> establishes the equivalence in the sense of
isomorphism of generic prolongations of 7.

Now to prove the second statement. Suppose 7 =(F%aq, ..., a,, @, 11y, T1) is a
generic prolongation of ¢ which satisfies #* with respect to, say, (Hy, H,, 71).
Let G be the separable part of H, over F%ay, ..., a,_,>*. #;GS H,. For if « € 7,G,
« is separably algebraic over F%a,..., a,>* and hence also over H,;. Thus since
H,/H, is primary, « € H,. Furthermore, if r=0, then « is separably algebraic over
F°, and hence 7,G< G. Let G, denote the separable part of H, over F%a,, ..., a,>*
for the case r=0, and if r>0, let G, denote <G, 7,G>. Then F%a,, ..., a,y*<G,,
and GSG,< H,. With the foregoing observations it is easily verified that o
satisfies 2* with respect to (G, G,, #,|G).

Let G, denote <G,, #;G,>. Then F%a,,...,a, a,,1>*<G,=H, and G, is
inversive. We shall show that

) G, and 7,G, are free over +,G.

With this it follows from the last statement of (3.6) that any generic prolongation
of A" constructed through (G, G,, 7,|G) as in the proof of the first statement of
(4.3) is equivalent to ;.

Since G, is algebraic over F%a,,..., a,>*,

) G, and F%a,, . . ., a,.,>* are free over F%a,, ..., a.>*.

By the assumption that 7 is a generic prolongation of £ and (2) it follows by
the corollary to (2.1) that #,G and F%a;, .. ., a,,,>* are free over F%a,, . . ., a,>¥,
and

3) G, and <{7,G, F¥a,, ..., a,,1»*> are free over +,G.
#,G, is algebraic over F%a,, ..., a,,,>* and hence also over
(711G, F¥ay, ...y Gre1)*).
Thus
4) <Gy, F¥a,...,a,.1)*) and 7,G, are free over {+,G, F¥ay, ..., a,+1)*).
By (3) and (4) and (2.1), (1) holds.
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A difference kernel X =(F%ay, ..., a.y, 7) is said to satisfy the stepwise com-
patibility condition if the difference field F%a,, ..., a,_,) satisfies the stepwise
compatibility condition.

(4.4) THEOREM. Any difference kernel which satisfies the stepwise compatibility
condition also satisfies property P*.

Proof. Suppose a kernel (F%a,, ..., a,», 7) satisfies the stepwise compatibility
condition. Then the difference field F%a,, ..., a,_,>* satisfies the stepwise com-
patibility condition. Furthermore, by (3.7) and (3.5(b)), there exists an inversive
difference overfield G of F%ay,...,a,_,;>* which is an algebraic closure of
F%ay,...,a,_,>*. Since any pair of extensions of F%ay,...,a,_,>* is com-
patible we may assume that G and F%a,,..., a,>* have a common difference
overfield H and, furthermore, by the extension of isomorphisms theorem for
difference fields (obvious generalization of [4, Theorem I, Chapter 9]) = has an
extension to an isomorphism 7 of G into a difference overfield H of H. If r=0, 7 is
an automorphism of G since F is inversive and G is an algebraic closure of F°.
(See (3.5(b)).) If r=1, let G, denote <G, #G)> and if r=0 let G, denote
{G, F%ay>*>. From the definition of G it follows that G and F%a,,..., a,>* are
free over F%ay, ..., a,_,>* and that G,/G is regular, hence primary.

The stepwise compatibility condition is not a necessary condition for a kernel
to satisfy property #*. In fact, the following example shows the existence of a
kernel which satisfies 2* and does not satisfy the stepwise compatibility condition.

(4.5) ExampLE. Let F=(K, 0, 7) and F°=(K, o) be as in Example (3.8)(bis)
(preceding (4.3)). Let x denote an element transcendental over K. Then o may be
extended to an automorphism o’ of K(x), with x — x, to define a difference field
Fx>. Thus the pair (F°<{x), 7) is a difference kernel ¢~ over F. Since the kernel
of Example (3.8)(bis) does not satisfy property 2*, it follows by (4.4) that F° does
not satisfy the stepwise compatibility condition. On the other hand, K(x)/K is
primary. Hence by (4.2) and the remark following it, >¢ satisfies 2*.

5. Realizations of difference kernels. Let # beanindexingsetanda={a; : je ¢}
an indexing of elements in a difference overfield G of a difference field F. A special-
ization of a over F is a difference homomorphism ¢ of F{a} into a difference over-
field of F such that ¢ leaves fixed the elements of F. The image da={¢a; : jc #}
is also called a specialization of a over F. A specialization ¢ is called generic if ¢
is an isomorphism. Otherwise it is termed proper.

Note. With a as above, if ¢: a — b is a generic specialization over F, then ¢ has
a unique extension to a difference isomorphism ¢’ of F{a)> onto F{b> (see (3.3)).

Let A" =(F%a,,...,a.y, 7) be a kernel over the inversive difference field F
(where the a; are /-tuples). Let « denote an /-tuple in a difference overfield H of F
and ¢ that transforming operator of H which is the extension of ¢;,. Then with the
notation «p=q, o;=€e, j=1, 2, ..., we say that « is a realization of A" in H over



386 IRVING BENTSEN [August

F if the set (o, . . ., o,) is a specialization over F° of (ay, . . ., a,), with a{® — «{®),
1=k =1/ 0=j<r. We shall also speak of ¢ as the realization of = in H over F. « is
called a regular realization of A if the specialization is generic. If there exists a
sequence of kernels X, A5, ..., X4, ..., with Hy=A", such that, for each non-
negative integer h, X}, ., is a generic prolongation of X}, and « is a regular realiza-
tion over F of %, then we shall refer to « as a principal realization of . (This is
the analogue to the definition of principal realization given in [4].)

REMARK. It is apparent that if B is an /-tuple of elements in a difference overfield
H of an inversive difference field F, and if ¢ is one of the transforming operators of
H, then a kernel of length s.is obtained by letting F° denote the difference field
obtained from F by deletion of the contraction of ¢ and letting ¢’ denote the
contraction of ¢ to the difference isomorphism of F°(B, £B,..., £~ 18> onto
FOUEB, 2B, .. ., €B). Clearly B is a regular realization of this kernel in H/F.

We shall say that two realizations « and B of a kernel ¢~ are equivalent, or iso-
morphic, realizations of A if the extensions F{a)/F and F{B)/F are isomorphic,
with «® — B® 1<k=<].

(5.1) THEOREM. The following statements about a difference kernel A" are
equivalent:

(@) A satisfies P*.

(b) A has a principal realization.

(c) X has a regular realization.

Proof. (a) = (b). Suppose ¢ satisfies #*. Then by repeated application of
(4.3), there exists a sequence of kernels Xy, X3, ..., Xy, ..., with HXy=", such
that for each nonnegative integer A, ¢}, is a generic prolongation of J¢} which
satisfies 2*. The union of the difference fields F%aq, ..., a,.n>, h=0,1,2,...,
together with the union of the isomorphisms 7,, determines a structure of difference
overfield H of F in which a=a, is a principal realization of " over F.

(b) = (c). Trivial.

(c) = (a). Suppose «is aregular realization of a kernel 4 =(F%a,, ay, . . ., a.y, 7).
Let H denote the inversive closure of F{«), and with T denoting that transforming
operator of H which is the realization of , let H® denote the difference field ob-
tained from H by deletion of T. Then regard T as a difference isomorphism of H°
into H°. H° is inversive. Let D denote the separable part of H° over
Fag, ..., 0% If r=0, let D, denote the separable part of H° over
F%ay, ..., a0 % and if r=1, let D, denote the compositum (D, TD)» in H°. D
and F%ay, . . ., a,»* are free over F%«y, ..., o,_,>*¥, and H°/ D, and hence D,/D,
is primary. By (3.4(g), (b)) and the uniqueness of the separable part of a field
extension, D is inversive, and for r=0, D, is inversive. For r=1, D,=<{D, TD) is
inversive (3.4(d), (c)). Let T denote the restriction of T to a difference isomorphism
of D into H® If r=1, D,=<D, TD) and, for r=0, TD< D.
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Since the specialization over F° of (aq, ..., a,) onto («,..., «,) is generic, it
extends uniquely to a difference isomorphism of F%ay, . . ., a,y onto F%ay, . . ., ),
which in turn extends to a difference isomorphism of F%a,...,a.>* onto
F°aq, ..., a*, and thence by construction to a difference isomorphism ¢ of a
difference overfield G; of F%a,, ..., a,»* onto D,. Let G denote the difference
subfield of G, whose image under ¢ is D. 7 extends uniquely to a difference iso-
morphism 7 of G into G, such that, for y € G, ¢7y=T¢y. Then with respect to
(G, Gy, 7), A satisfies Z*.

COROLLARY. If a kernel " over F satisfies 2*, then X" has a principal realization
over F and all principal realizations of A are equivalent.

Proof. The assumption on ¢ implies that J¢" satisfies 2* and hence has a prin-
cipal realization. Suppose « and B are principal realizations of . Let ", X, X,

. and X, A, A5, ... be the sequences of kernels associated with o and B
respectively in the sense of the definition of principal realization. Since £~ satisfies
2* it follows by application of (4.3) in an induction on 4 that £, and '), are
equivalent in the sense of isomorphism of kernels. Thus since for each non-
negative integer A, « is a regular realization of J¢;, and B is a regular realization of
A, there exists, by a composition of maps, a difference isomorphism ¢, of
F%ag, ..., e )/F° onto FBq,. .., Briny/F° such that «f® — B, 0<j<r+h,
1<k <1 The union of the ¢, defines a difference isomorphism of F{«) onto F{B8)
with « — B.

REeMARK. Every principal realization of a difference kernel is equivalent to one
constructed as in the proof of (a) implies (b) of (5.1). This follows from (c) implies
(a) of (5.1) and the second statement of (4.3).

(5.2) THEOREM. If « is a principal realization of a kernel 2 then « is not a proper
specialization over F of any other realization of A .

To prove the theorem we employ the following lemmas:

LEMMA 1. Let L and M be fields, R and R,, i=1, 2, 3, subrings of L such that
R=[R,, R,), R; is contained in R, N Ry, R contains the identity element of L. Let
1 be a homomorphism of R into M such that the contractions of n to R, and R, are
isomorphisms and such that the quotient fields in M of R, and nR, are free over the
quotient field of nRs. Then v is an isomorphism of R into M.

Proof. For any subring P of L (or M), let P’ denote its field of quotients in L
(or M). Let S denote a set of generators of R, over Rz and T'a maximal algebraically
independent subset of S over R;. T is an algebraically independent set over Rj.
Then 4T is an algebraically independent set over nR3 and hence over (nR3)’. Then
7T is an algebraically independent set over (nR;)" since (yR;)’ and (yR,)’ are
assumed to be free over (nR;)’. Thus no nonzero element of R,[T] is mapped onto
zero by 7, and hence » may be extended to a homomorphism 7 of Ri(T)[S] onto

(R,) (1T)[nS].
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Since the elements of S are algebraic over R{(T) it follows that Ri(T)[S] is a
field which may be identified with R;(S)= R’ and hence % is an isomorphism of
R’ into M. Thus 5 is an isomorphism.

LEMMA 2. Let A =(F%ay, . .., a5 05410, 1) and X1 =(F%by, . . ., bs, bs 1>, 71),
5§20, be kernels such that X, is a generic prolongation of 4 =(F%ay, ..., @), 7)
and such that there exists a specialization ¢ over F° of (by,...,bs.1) onto
(ao, ..., as+1). If ¢ contracts to a generic specialization of (b, ..., bs) onto
(ao, . . ., as) over F° then ¢ is generic.

Proof. With ¢ as in the statement, the contraction of ¢ to
¢1: (bO) R ] bs) —>(a0’ LR as)

extends to an isomorphism of F%b,, ..., bs> onto F%a,, ..., a,>. It thus follows
by the isomorphisms 7, and 77 that the contraction of ¢ to

¢2: (bl, ey bs+1) —_>(al’ ) as+1)

is an isomorphism of F%b,, ..., b,.,} onto F%a,,...., a,,,}. By (3.2), ¢ extends
uniquely to a homomorphism ¢’ of F%b,,..., bs.1}* onto Fay, ..., as.1}*;
and furthermore ¢’ contracts to an isomorphism of F%b,,..., b}* onto
Fa,, ..., a}* which is an extension of ¢,, and ¢’ contracts to an isomorphism
of F%b,, ..., bs.,}* onto F%a,, ..., as,,}* which is an extension of ¢,. ¢’ maps
F%b,, ..., b}* onto F%a,,...,a}*. Since X, is a generic prolongation of &,
it follows from the last statement of (3.3) and an application of Lemma 1 that ¢’
is an isomorphism. Hence ¢ is generic.

Proof of (5.2). Suppose « is a principal realization of ¢ and B a realization of
A such that there exists a specialization ¢ over F of B onto « with f® — o®),
1<k =! Then ¢ is generic if for each nonnegative integer j the contraction of ¢ to
¢ FBo, ..., Bi} = F%eq, . . .5 o}, By —> oy, i=0, 1, ..., j, is an isomorphism.

It is already apparent that ¢, (where r is the length of J¢") is an isomorphism,
since the composition of the specialization over F° of (ay, . . ., a,) onto (B, . . ., Br)
with the homomorphism ¢, agrees on the elements of F%a,,..., a,} with the
assumed generic specializations, over F°, of (ao, . . ., @,) = (o, - . ., o).

Suppose now that for a nonnegative integer k, ¢, ., is an isomorphism. Then by
Lemma 2, ¢,,,.; is an isomorphism, and hence by finite induction, ¢; is an
isomorphism for j=0, 1, 2, . .., which completes the proof.

W. Strodt and R. Cohn have obtained the analogues to Theorems I and V,
Chapter 3, [4], needed in the proofs of the following remark and Corollary 1 to
6.1).

REMARK. By an argument analogous to the proof of Lemma VII, Chapter 6, [4],
it may be shown that, for any /-tuple « of elements in a difference overfield of an
inversive difference field F, there exists a kernel o such that o« is the unique
principal realization of #” over F and every realization of " is a specialization of «
over F.
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A set T of elements in a difference field G is said to be transformally independent
over a difference subfield F of G if the set of transforms of the elements of 7 in G
is an algebraically independent set over the underlying field of F. Evidently, a
subset T of an inversive difference field H is transformally independent over a
difference subfield F of H if and only if T is transformally independent over F¥*.
We shall say that an indexing a={a® : i € £} of elements in a difference overfield
of a difference field F is transformally independent over F if and only if the a® are
distinct and form a transformally independent set over F. The term *‘transformally
independent,” when written in connection with difference kernels, shall be read as
‘““algebraically independent” when the kernel is interpreted as an ordinary differ-
ence kernel.

If for a kernel A" =(F%a,, ..., a,), 7), S is a subindexing of a,, then let S, denote
the corresponding subindexing of a;.

LEMMA. Let X be a generic prolongation of a kernel A =(F%a,, ..., a,», 7).

(a) If S is a subindexing of a, such that S, is transformally independent over
F%aq,...,a,_,>, then S,., is transformally independent over F%a,,...,a.).
Furthermore, \ )i} S; is a transformally independent set over F°.

(b) If S is a subindexing of a, which is transformally independent over
F%a,,...,a,>, then S is transformally independent over F%ay,...,a,.,) and

121 S, is transformally independent over F°.

Proof of (a). By the isomorphism =, and the assumption on S, S,,; is trans-
formally independent over F%a,,...,a,» and hence also over F%ay, ..., a >*.
Thus, since the prolongation is generic, S,,; is transformally independent over
F%aq, a,, . . ., a,)* and hence also over F%ay, ay, . . ., a,).

For eachi,0<i<r+1, S,is transformally independent over F%ay, a;, . . ., a;_1).
This is true by assumption for i=r, and by the preceding for i=r+1. For i<r, S,
is transformally independent over F°(a,_;,...,a,_,> and the composition of
certain restrictions of 7 is an isomorphism of F%a,, .. ., a;) onto F%a,_, ..., a,).
Hence S; is transformally independent over F%ay, ..., a;_;). Then for each i,
0<isr+1, S, is transformally independent over F°(S,, ..., S;_;>. Thus Ui} S;
is a transformally independent set over F°.

Proof of (b). S is transformally independent over F%ay, ..., a,»*. Thus since
the prolongation is generic, S is transformally independent over F%{ay, ..., a,.1)*
and hence also over F%a,, ..., @y, 1).

It follows from the assumption on S that S=.S, is transformally independent
over F°. Suppose i is an integer, 0<i=<r, such that S, U S; U---U §; is trans-
formally independent over F°. Then, since the restriction of 7, to F° is an auto-
morphism of F°, §; U S, U---U §;,, is transformally independent over F°. But by
the preceding paragraph S, is transformally independent over F°(S;, Sy, . . ., Si41).
Hence S, U S, U---U S;,, is transformally independent over F° Thus in
particular | J;} S; is transformally independent over F°.
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The following theorem is used in the proof of (6.1).

(5.3) THEOREM. Let « be a principal realization of a kernel
A = (F¥ao, ..., a, 7).

(@) If S is a subindexing of a, such that S, is transformally independent over
F%ay,...,a,_,>, then the corresponding subindexing T of o is transformally in-
dependent over F.

(b) If S is a subindexing of a, which is transformally independent over
F%a,, ..., a,) then the corresponding subindexing T of « is transformally independent
over F.

Proof of (a). For each nonnegative integer 4 there exists a kernel
‘){h = (F0<a0’ A1y oo o3 Qpyev oy ar+h>9 Th)

obtained from £ by a sequence of generic prolongations and such that « is a
regular realization of ;. From part (a) of the lemma with an obvious induction
we have S U S, U- - -U §, ., is transformally independent over F° and hence (with
7’ denoting the realization of 7) TU 7'TU 72T U---U 7'"*'T is transformally
independent over F°. Thus any finite collection of transforms of members of T
whose orders relative to 7° are less than or equal to r+A must be algebraically
independent over the underlying field of F. This being true for each nonnegative
integer h implies T is transformally independent over F.
Proof of (b). Analogous to that of (a).

6. An existence theorem. It has been established that every nontrivial ordinary
algebraically irreducible difference polynomial has an abstract solution ([3,
Theorem 1V’]; [4, Theorem I, Chapter 6]). We shall see that this result cannot be
extended to partial difference polynomials.

ExaMPLE (3.8)(bis). Let F and b be as in Example (3.8). If a is a solution for
P=y%—b regarded as a difference polynomial in the simple polynomial difference
ring F{y}, then a2=5, which, as demonstrated in (3.8), is impossible.

(6.1) THEOREM. Let F be an inversive difference field with two transforming opera-
tors. If there exists a difference field F° obtained from F by deletion of one of the
transforming operators such that every pair of extensions of F° is compatible, then
every nontrivial algebraically irreducible partial difference polynomial P in a poly-
nomial difference ring F{yV, . . ., y™} has a solution n with the following properties:
n is not a proper specialization over F of any solution of P; if a transform of y®
appears effectively in P, then nV, ..., y®&=D, ¥+ 9™ gre distinct and form a
transformally independent set over F; if Q is a nontrivial difference polynomial in
F{y®, ..., y™} which is annulled by n and effectively involves only those transforms
of the y® which appear effectively in P, then Q is a multiple of P.
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Proof. Let o, and o, denote the transforming operators which define F on the
field K, as well as their extensions which define F{y'V, ..., y™}. Suppose (K, o,) is
the difference field F° of the hypothesis. We first assume that for each k, 1 =k <n,
some transform of y* appears effectively in P. Since F is inversive we may, without
loss of generality, assume that P is in standard position in F{y®,..., y™}, i.e.
there exist integers b and b’, not necessarily distinct, such that a transform of y® of
partial order zero with respect to o, and a transform of y®” of partial order zero
with respect to o, appear effectively in P. Let y{¥), i=0, j =0, denote the transform
of y® of partial order i with respect to o; and partial order j with respect to o,. Let
W denote the set of y{¥) which appear effectively in P. For each k, 1 Sk <n, let g,
denote the maximum value of j such that, for some i, y{) € W. For convenience of
notation, let us assume the existence of an integer 4, 0<h=n, such that q,=0 for
k=<hand q,>0 for k> h.

By a procedure analogous to that of [4, Theorem I, Chapter 6], we construct a
difference kernel for P over F. We do this first with the assumption A <n. Let

Y={y9:i=0;k =< himplies jequals O or 1; k > h implies 0 = j < g,}.

The number of elements of Y is t=2h+>%_,.1 (q.+1). Let the elements of Y be
ordered lexicographically on the (k, j) by the indexing

z= {z‘“) 1 2 ust,z% = yf;
K-

1
u=2k—1+jwhenk = hu=k+h+j+ z qs when k > h}.
s=h

Then a suitable contraction of o, defines the ordinary #-fold polynomial difference
ring F°{z}. The set W is in F%{z}. Thus P may be interpreted as an ordinary differ-
ence polynomial in F°{z}. Let y=(y%, ..., ¥®) denote a generic zero of a principal
component of the manifold of P over F°{z} (the existence of which is asserted by
[4, Theorem I, Chapter 6]).

Let z, be that subindexing of z consisting of all coordinates of z except those of
the form y§ with j=1 when k <h and j=gq, when k > h. Let z, be that subindexing
of z consisting of all coordinates of z except those of the form y{, with j=0. Both z,
and z; have /=t—n coordinates and the union of their sets of coordinates is the
set of coordinates of z. With respect to the ordering of the coordinates of z, and
of z, induced by the ordering of the coordinates of z, if the vth coordinate of z, in
¥4, then the vth coordinate of z, is y§,, for I Sv <.

Replace the coordinates of z in z, by the corresponding coordinates of y. Let
the resulting indexing be denoted by a,. Form a; similarly from z;.

a, is transformally independent over F°. Let k' denote any one of the integers
h<k’=n. Then there exists a nonnegative integer i’ dependent upon k’ such that
0. appears effectively in P; that is, for «'=k’'+h+q,. + 335! q,, 012" appears
effectively in P. Hence, by the definition of y, it follows that @, .. ., y® =1, y® +D,
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..., y® are distinct and form a transformally independent set over F°. But u’
is not in the domain of z,. Hence qq is transformally independent over F°.

We see also that a; is transformally independent over F°. By the assumption
that P is in standard position in F{y®, ..., y™}, there exists an integer k”,
1 k" =n, such that for some nonnegative integer i”, y{¥"} appears effectively in P;
that is, for u"=2k"—1if k"<h or u"=k"+h+3*.3  q, if k"> h, P, ..., y* ~ D,
y@ +b ., y® are distinct and form a transformally independent set over F°,
and hence, by the definition of z,, it follows that a, is transformally independent
over F°.

Let o} denote the difference operator of F°(y>. Since a, and a, are transformally
independent over F° the automorphism o, of K can be extended to an isomorphism
7 of the underlying field of F°{a,y onto the underlying field of F°(a,;) in such a
way that 7(o1)'a{’=(01)a, i=0,1,2,..., 1=v=l But then 7 is obviously a
difference isomorphism of F%a,> onto F°%a,> which contracts to ¢, on F° and
is such that 7a{’=a{’, 1 Sv=</. Thus for the case h<n we have the desired kernel
A =(F%ay, a,y, 7).

If h=n, then P may be interpreted as an ordinary difference polynomial in
Fo{y®, ..., y™}. Letting ao=(a?, ..., a™) be a generic zero for a principal com-
ponent of the manifold of P over F°{y®,..., y™}, and = denote the difference
automorphism of F° which coincides with o,, we again have the desired kernel
A =(F%ay), ).

By the assumption that any pair of extensions of F° is compatible and by
[4, Theorem X, Chapter 7], the kernel of length 1 constructed above satisfies the
stepwise compatibility condition. The compatibility condition on F° trivially
implies the stepwise compatibility condition on the kernel of length 0. Hence, in
either case, by (4.4) and (5.1) there exists a principal realization o of the kernel .

Since for each k, 1 <k <n, there exists a coordinate af» of a, which is assigned
to y¥,, a solution for P over F{y', ..., y™} may be obtained by assigning to y*®,
for each k, that coordinate of « which corresponds to af*’. We denote this solution
by n=(®, ..., 5%, ..., ™) with n® =a®,

Suppose Q is a nontrivial difference polynomial in F{y?,..., ™} whose in-
determinates consist of a subset of W and such that Q is annulled by ». Then,
since « is a regular realization of J#, Q may be interpreted as a polynomial in
F°{z} which is annulled by v. Since P is in standard position, P effectively involves
an indeterminate of the form y,=z®. If the resultant R over K of P and Q with
respect to y%, is not zero, then R is a nontrivial polynomial effectively involving a
subset of the elements of W excluding y§, and R is annulled by y. But then either
YD L, Y ETD @D ® s a transformally dependent set over F°; or
YO, L, Yy ETD @D y® are distinct and form a transformally independent
set over F° and the effective order of F{y) over F{y®, ...,y &~ o@+D - 0%
is less than the effective order of P in z®, In either case we are led to a contradiction
to the definition of y. Therefore R=0, and, since P is irreducible, Q is a multiple of P.
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For each k, 15k<n, 7™ is transformally algebraic over F{(n®,..., n*~D,
b g™ since P effectively involves a transform of y* and is annulled by 7,
and yet, with P considered as a difference polynomial in y* with coefficients in
F{y®, .., yk=b yeetd - y™} it follows by the preceding result that these
coefficients are not annulled by @, ..., g~ yk+D - pm,

To see that 7, ..., p®*~ D, yk+D 5™ are distinct and form a transformally
independent set over F, consider the kernel £ above. If h<k =n, let S denote the
subindexing of a, defined on

{1’ 2y ) h’ h+qh+1’ h+qh+1+qh+2’ CR ) h+qh+1+ e +qk—l’
h+qnirt -+ Qe s htquert+ - +qn}

If k£h<n, let S denote that subindexing of g, defined on {1, ..., k—1,k+1,...,
hyh+quet, h4Guir+qnizs .-, h+qui+ - +qa)

In the first case 7S=S, is a subindexing of a; which is transformally independent
over F°a,>. This follows from the definition of y and the effective presence in P
of y{f, for some i. Thus (5.3(a)) is applicable.

In the second case, since for some i, y{} appears effectively in P, S is transformally
independent over F%a,> when h<n, and if h=n, S is transformally independent
over F°. Thus (5.3(b)) is applicable. In either case the subindexing T of « correspond-
ing to S is transformally independent over F. Since the coordinates of 5 other than
7® transform under suitably many applications of the extension of ¢, to distinct
coordinates of T, it follows that @, @, ... &= pk+D 5™ are distinct and
form a transformally independent set over F.

Now to show that % is not a proper specialization over F of any solution of P.
Suppose A=(AY, ..., A™) is a solution of P over F{y",..., y™} such that the
n-tuple A specializes over F to the n-tuple n. We present the argument for the case
h<n. That for h=n is the same except for notational changes.

Let B denote the /-tuple of those transforms of the coordinates of A which are
substituted into the coordinates of z,, with B substituted into z’, 1 Sv =</ Let
B, be defined as was B, with z, replaced by z, in the definition. We construct the
kernel £ by contracting the extension of o in the definition of F{A) to a difference
isomorphism 7 of F°(B8) onto F%8,>. With the obvious correspondence of co-
ordinates, « is a specialization over F of B, and hence, with the appropriate identifi-
cation of coordinates as indicated by the definitions of z,z, and zj, (e, ;) is a
specialization over F° of (8, 8;). This specialization over F° must be generic since
(a, «;) is equivalent to a generic zero of a principal component of the manifold of P
over F°. Hence B is a regular realization of ¢ in F{A)/F. But then, by (5.2), «isa
generic specialization of 8 over F, and thus 7 is a generic specialization of A over F.

To complete the proof, we relax the above restriction that each y* has transforms
which appear effectively in P. We may proceed as in the first paragraph of [4, p.
170], with A interpreted as a solution of the kind whose existence has been estab-
lished above for the restricted case. Verification that the three conclusions of the
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theorem hold is then straightforward. Lemma 1 of (5.2) may be used to show that
7 is not a proper specialization over F of any other solution of P.

COROLLARY 1. If F and P are as in the theorem, then P has at most a finite number
of isomorphically distinct solutions of the type described in the theorem.

Proof. Theorems 111 and V, Chapter 3, and Theorem III, Chapter 4, [4], general-
ize to partial difference rings. Thus F{y®, ..., y™} is a Ritt difference ring, and
hence the manifold M{P} of the perfect difference ideal {P} has a unique irre-
dundant representation as the union of a finite number of irreducible manifolds.
Any solution of P which is not a proper specialization of any other solution of P
is a generic zero of one of these irreducible components of M{P}, and all generic
zeros for each such component of M{P} are equivalent.

COROLLARY 2. The conclusion of (6.1) holds if F=(K, oy, a3) is inversive and K is
separably algebraically closed or algebraically closed.

Proof. By the fundamental theorem of compatibility [4, Theorem I, p. 198]
F satisfies the hypothesis of (6.1).

A weakening of the hypothesis of (6.1) leads to the following theorem, the
statements of which are implied by the stepwise compatibility condition (see (3.7)).
The Example (3.9) shows that statement (a) does not imply the stepwise compati-
bility condition for F°.

(6.2) THEOREM. For a difference field F with two transforming operators, the
Jfollowing statements are equivalent:

(a) F may be extended to a difference field whose underlying field is the algebraic
closure of that of F.

(b) Every nontrivial algebraically irreducible partial difference polynomial P in a
polynomial difference ring F{y®, . .., y™} has a solution n with the properties stated
in (6.1).

(c) If a is any element separably algebraic and normal over the underlying field of
F, F may be extended to a difference field F{a).

Proof. (a) = (b). Let G denote a difference overfield of F defined on the
algebraic closure of the underlying field K of F. By (3.5(a)) the inversive closure G*
of G is algebraically closed. Let P be a nontrivial algebraically irreducible partial
difference polynomial in F{y, ..., ™} and P’ a nontrivial irreducible factor of
P in G*{y, ..., y™}. Let A be a solution of P’ of the type whose existence is
asserted by Corollary 2 to (6.1). Then A is a solution of P € F{yV, ..., y™}. Let M
denote an irreducible component of the manifold of P over F{y®, ..., y™} which
contains A and let » be a generic zero of M. Then 7 is a solution of P which special-
izes over Fto A, and 7 is not a proper specialization over F of any other solution of
P. Since every indeterminate y{¥) which appears effectively in P also appears in P’,
it follows that for each k, 1<k =<n, such that some transform of y* appears
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effectively in P, we have by Corollary 2 to (6.1) that AV, A®_  AE-D_xk+D
A™ are distinct and form a transformally independent set over G* and hence also
over F, and thus 5, ..., p*~D y&k+D  »®™ are distinct and form a trans-
formally independent set over F.

Let W be the set of those y{¥) which appear effectively in P and let Q be a non-
trivial difference polynomial in F{y®,..., ™} annulled by » and effectively in-
volving only those y{¥) in W. Let R be the resultant over K of P and Q with respect
to one of the elements y{¥). of W. Then R is identically zero, for otherwise, since R
is annulled by 5 and hence by A, R regarded as a nontrivial difference polynomial
over G* is, by Corollary 2 to (6.1), a multiple of P’. But this is impossible since P’
effectively involves y{¥?. and R does not. Therefore Pand Q have a nontrivial common
divisor over K and, hence, by the irreducibility of P over F, @ is a multiple of P.

(b) = (c) is trivial.

To prove (c) = (a), note first that, by the simplicity of finitely generated separ-
ably algebraic field extensions it follows from (c) that for elements a,, . . ., @, in an
overfield of the underlying field K of F, where the q; are separably algebraic and
normal over K, one can extend F to a difference field F<a,,..., a>.

We now show that (c) implies F can be extended to a difference field defined on
the separable closure of K. (This will complete the proof if the characteristic is O,
or if the characteristic is positive and K is perfect.) Let L, be the separable part of
an algebraic closure L of K. Let & be the collection of finite normal extensions of
K in L,. For each member of % select one simple generator and let S be this
collection of elements of L,. Let T be a transformally independent set over F,
where the cardinality of T equals that of S. Assume further that a 1-1 correspond-
ence o <> y® between the members of S and T has been specified. For each
y® e T, let PY(y®) denote a zero order difference polynomial in F{T} (zero order
with respect to each transforming operator) which, when regarded as an algebraic
polynomial over K, is a minimal polynomial belonging to o, and let ¢ denote the
system in F{T} consisting of the P®(y®).

If there exists a solution over F for the system ¢, then there exists a difference
overfield G of F with underlying field L,. To see this, suppose ¢ has a solution
S’={B®}. Then the underlying field M of F{S') is separable algebraic over K.
For suppose n € M. Then there exists a field K’ between K and M generated over

~ K by finitely many transforms of finitely many elements of S’ and such that 5 € K.
Since B® is separably algebraic over K, any transform pB® is separably algebraic
over pK and hence also over K. Thus K’ is a separable algebraic extension of K,
and hence 7 is separably algebraic over K.

Thus we may without loss of generality assume K€ M<L,. Indeed M=L,. For
if y € Ly, then K(y)/K has a finite separable normal closure N/K in Ly/K. There
exists an element «” in S which generates N over K, that is, N is a splitting field
over K for P¥(y®), and hence, by the uniqueness of splitting fields, K(y)< K(8%®)
< M. Thus Ly M, which gives the desired equality.
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To establish that (c) implies ¢ has a solution we use the following criterion: Let
U be a transformally independent set over the difference field F. Then a system =
of difference polynomials in F{U} has a solution over F if and only if the identity
element is not in the perfect difference ideal {Z} in F{U}.

Necessity is obvious. Suppose 1 ¢ {Z}. It can be established by a standard argu-
ment using Zorn’s lemma that there exists a maximal perfect difference ideal
in F{U} containing the elements of X, but not containing the identity element.
Lemma I, Chapter 3 of [4] generalizes to the result: If 4 and B are sets of elements
in a partial difference ring D, then {4} B}<{A4 B}. With this one routinely establishes
that ¢ is a reflexive prime difference ideal in F{U}. Hence the difference ring
F{U}/{ of residue classes is an integral domain. Furthermore the difference quotient
field H of F{U}/¢ “contains” F as a difference subfield. The set U of residue classes
of the elements of U is a generic zero of ¢ in H/F and a fortiori is a solution of X.

Now suppose ¢ has no solution. Then by the above criterion, ¢ generates the
unit ideal in F{T}, and hence there exists a finite subset T" of T such that the subset
¢’ of ¢ corresponding to T’ generates the unit ideal in F{T"'}, that is, ¢’ is a finite set
of irreducible, normal, separable difference polynomials over F which, by the above
criterion, has no solution over F. But by the first paragraph this is impossible in the
presence of condition (c). Hence condition (c) implies that ¢ has a solution and F
extends to a difference field G on L,.

It remains to show that, if F is of positive characteristic p, G may be extended to
a difference field whose underlying field is the algebraic closure of that of F. This
may be accomplished by introducing the transforming operator 7: b — b® on L,
7 commutes with each of the transforming operators of G and 7 transforms K into
K. Thus 7 together with G and F determines the new difference fields G’ and F’ on
L, and X respectively such that G’ is a difference overfield of F’. Evidently the
underlying field of the inversive closure G'* of G’ is perfect and hence contains a
perfect closure L; of L, which, of course, is an algebraic closure of K. Hence the
defining operators of G'* transform L, into L;, and thus the operators which define
G may be extended to form the desired difference field H on L;.

ReMARk. Evidently, the equivalence of conditions (a) and (c) holds for difference
fields with m operators.

Although there may exist a difference polynomial over a difference field F which
has no solution (e.g. Example (3.8)(bis) preceding (6.1)) there may still exist a
polynomial over F which has a solution of the type in Theorem (6.1), e.g. the trivial
polynomial y, o in F{y}.

The following example shows that there exists a difference polynomial over an
inversive partial difference field which is of partial order greater than zero with
respect to each transforming operator and has a solution of the type described in
(6.1), though the ground field rieed not satisfy condition (a) of (6.2) (see (3.8)).

(6.3) ExampLE. Let F=(K, 0y, 0;) be an inversive partial difference field,
P=y;0+yo1+y12 be a difference polynomial in a simple polynomial difference
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ring F{y}, F°=(K, a,), and (aqo, o1, @oz) denote a generic zero of a principal
component of the manifold of P where P is regarded as an ordinary difference
polynomial in F°{yq0, Vo1, Yo2}. Then there exists a difference isomorphism 7 of
F%ago, ag,> onto F%ag,, agsy such that ago — a@p; and ag, — ay; and whose
contraction to K is o5. Then (F%agq, @01, @o2), 7) is a difference kernel .

Since

ord F°ago, ao1, @o2)/F°ao0, @) =1  [4, Theorem I, p. 162],

the element ag, is transcendental over the underlying field of F°aqg, ag,>. The
underlying field of F%aqq, a1, @92y is a simple transcendental extension, and
hence a primary extension, of the underlying field of F°aqo, ao;>. Hence by (4.2)
and the succeeding remark, ¢ satisfies 2*. Thus by the corollary to (5.1), # has a
principal realization and all principal realizations of ¢ are equivalent. If « is a
principal realization of &£ then « is a solution for P satisfying the properties stated
in (6.1).
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